In this paper, the assumed modes method is used to determine the modes of vibration of an arbitrarily supported uniform and nonuniform rods carrying various lumped elements, including a lumped mass, a grounded spring, a grounded viscous damper, and an undamped and damped oscillator. In applying the assumed modes method, the set of trial functions used in the expansion can be arbitrary as long as they satisfy the geometric boundary conditions of the system. In practice, the trial functions are often selected to correspond to the eigenfunctions of the bare uniform rod. Numerical experiments show that while this set of trial functions converges to the exact results, the rate of convergence can be exceedingly slow. In order to expedite modal convergence, the eigenfunctions are augmented with piecewise linear functions that capture the slope discontinuities of the mode shapes at the attachment locations due to the presence of the lumped elements. The results obtained using the two sets of trial functions are compared with those obtained exactly. It is shown that including the piecewise linear functions significantly improves the accuracy of the modes of vibration of the system while drastically reducing the computational time and effort.
Introduction
The longitudinal vibration of a combined system consisting of a rod carrying various lumped elements has been studied extensively over the years. Many researchers have focused on a uniform rod with one or two specific lumped attachments, 1-5 a bare nonuniform rod, 6, 7 or a system consisting of two rods coupled by some lumped attachments. 8, 9 For a uniform rod carrying lumped elements, an exact closed-form frequency equation can be obtained via a boundary value formulation by enforcing the appropriate boundary and compatibility conditions. Such exact solutions are used to validate the results obtained using other methods, such as discretizing a uniform rod into n oscillators 2 or using a Rayleigh-Ritz method with Lagrange multiplier. 4 When the rods are nonuniform with varying cross-sectional areas, many seek to find a class of nonuniform rods for which the exact solution can be obtained, but there is less work on nonuniform rods carrying lumped attachments. Finally, a system of two fixed-free rods coupled by a number of translational springs or spring-mass systems has been examined. 8, 9 Specifically, Kukla et al. 8 used the Green functions to approximate the natural frequencies of two fixed-free rods with different material properties coupled by one or multiple translational springs, and Mermertas¸and Gu¨rgo¨ze 9 obtained the exact natural frequencies of two fixed-free rods coupled by a mass-spring system via a boundary value formulation.
In this paper, the assumed modes method will be used to analyze the free vibration of a host uniform or nonuniform rod carrying lumped elements. The assumed modes method is an analytical procedure to discretize an arbitrarily supported linear structure carrying lumped attachments. The method consists of assuming a deflection shape in the form of a linear combination of spatial functions multiplied by a time-varying generalized coordinates. The spatial functions satisfy the geometric boundary conditions of the bare linear structure, or the linear structure without any attachments. This series approximation is then substituted into the expressions for the total kinetic and potential energies of the system, and also the Rayleigh's dissipation function if the system is damped. Finally, the discretized equations of motion are obtained by the direct application of Lagrange's equations.
The spatial functions or trial functions are not unique but they must satisfy the geometric boundary conditions of the combined system. Thus, the eigenfunctions of the bare rod, which automatically satisfy all the boundary conditions, are often used as the trial functions in application. While the assumed modes method is easy to apply, depending on the parameters of the lumped attachments that the rod is carrying, the rate of modal convergence can be intolerably slow if the trial functions consist only of the eigenfunctions of the bare rod. Because the eigenfunctions are continuous and infinitely differentiable, a large number of eigenfunctions may be required to capture the slope discontinuity of the mode shapes at the lumped element attachment locations. Thus, a question arises as to the set of trial functions that can be used in the expansion in order to produce minimal error in the modes of vibration with the least computational effort. This demand is especially keen when confronted with a real time control problem, in which both stability and speed are crucial.
In this paper, the eigenfunctions of the host rod are augmented with judiciously chosen basis functions, one for each lumped element, to form a new set of trial functions, which is then used in the assumed modes expansion. The proposed set of trial functions significantly improves the accuracy while minimizing the computational effort. To illustrate the benefits of the additional basis functions, the natural frequencies or eigenvalues of various combined systems consisting of a rod carrying lumped elements are compared to those obtained exactly via a boundary value formulation. When the host rod is nonuniform, the exact eigensolutions may be difficult if not impossible to obtain. For such cases, the modes of vibration obtained using the present analysis are compared to those found using the finite element method. Numerical experiments show that the proposed method of augmenting the eigenfunctions with additional basis functions substantially improves the modal convergence of the assumed modes method.
Incidentally, it should be noted that different trial functions have been developed to improve the modal convergence of the classical Rayleigh-Ritz method. Meirovitch and Kwak 10 conceived a new set of admissible functions, called quasi-comparison functions, to enhance convergence. Quasi-comparison functions are linear combination of admissible functions capable of approximating all the natural boundary conditions to any degree of accuracy. Morales and Goncalves 11 used quasi-comparison functions in conjunction with the Rayleigh-Ritz method to study the convergence characteristics of eigenfunctions. In this paper, the eigenfunctions of the host rod are augmented with bilinear functions to improve the modal convergence. These additional piecewise linear functions not only satisfy all the boundary conditions of the host rod, they also capture the slope discontinuity introduced by the lumped elements. Moreover, they are simple to implement and easy to formulate, because they correspond to the static deflections of the host rod under concentrated loads.
Other trial functions have also been introduced to improve convergence. Smith et al. 12 used orthogonal polynomials, including the classical Chebyshev types 1 and 2, Legrende, Hermite, and Laguerre, to analyze the unilateral plate buckling problem. Singhvi and Kapania 13 used Chebychev polynomials as trial functions to study the free torsional vibration of thin-walled beams resting on elastic foundation. Zhou 14 used the static beam functions under point load as admissible functions in the Rayleigh-Ritz method to study the lateral vibration of rectangular plates. In all of these works, [12] [13] [14] the authors focused on the convergence of the eigenvalues, and did not examine the impact on the corresponding eigenfunctions. Moreover, all the systems under consideration are undamped. Other analytical methods have also been developed to improve modal convergence. The mode acceleration technique 15, 16 is a commonly used method by aerospace engineers to analyze coupled loads, and it is not extensively used outside this field of specialization. Gu and Tongue 17 developed a forced mode formulation to improve the convergence for structures that are externally loaded. The approach developed in this paper can be viewed as an extension to all the previously mentioned methods. Finally, even though the approach proposed in this paper is used to study the axial vibration of rods carrying lumped attachments, it can be easily extended to analyze the free vibration of any linear structure carrying lumped elements, where the linear structure can be either the torsional vibration of a shaft, the lateral vibration of a membrane, a beam or a plate.
Theory
Consider an arbitrarily supported rod of length L, Young's modulus E, density , and a nonuniform cross-sectional area A(x) carrying a lumped mass m at x 1 , a grounded translational spring k at x 2 , a grounded viscous damper c at x 3 , and a damped oscillator of parameters k 0 , m 0 , c 0 at x 4 , as shown in Figure 1 . Using the assumed modes method, 18 the longitudinal displacement w(x, t) of the rod can be expressed in the form of a finite series as follows
where N is a number of modes used in the expansion, i ðxÞ are the eigenfunctions of the bare rod, and i ðtÞ are the unknown generalized coordinates. This set of trial functions will be designated as S N , and it is given by
The total kinetic energy T, potential energy U, and Rayleigh's dissipation function R of the system of Figure 1 are given by 
where an overdot denotes a derivative with respect to time, z(t) denotes the displacement of the damped oscillator, M ij and K ij are the generalized masses and stiffnesses of the host rod, respectively, which are given by
Applying Lagrange's equations d dt
the N þ 1 equations of motion for the system are
T denotes a column vector of the eigenfunctions of the bare rod evaluated at the jth lumped element location, x j , and
The (i,j)th elements of matrices ½M and ½K are M ij and K ij , respectively. Note that matrices ½M, ½C, and ½K are all symmetric.
Equation (9) can be written more compactly as
where [M], [C] , and [K] are the ðN þ 1Þ Â ðN þ 1Þ symmetric mass, damping, and stiffness matrices of the system shown in Figure 1 , respectively, and r ¼ ½ T z T . The free response of the system given by equation (13) can be determined by using a state matrix approach. 18 Introducing a state vector of length 2ðN þ 1Þ of the form
allows the ðN þ 1Þ coupled second-order ordinary differential given by equation (13) to be rewritten as 2ðN þ 1Þ coupled first-order ordinary differential equations of the form
where
½0 À½K ð16Þ
The solution of equation (16) is given by
where l is the eigenvalue of the system and " y is an eigenvector. If the system is damped, l will generally be complex such that l ¼ ReðlÞ þ j ImðlÞ, where j ¼ ffiffiffiffiffiffi ffi À1 p . In the absence of damping, of course, l ¼ j!, where ! denotes the natural frequency of the system. Substituting equation (17) into equation (15) yields the following generalized eigenvalue problem of size 2ðN þ 1Þ Â 2ðN þ 1Þ ½B" y ¼ l½A" y ð18Þ whose eigensolutions can be readily obtained using the eig command in MATLAB. Because the eigenfunctions are continuous and infinitely differentiable, many thousands of terms may be needed in application to capture the slope discontinuity in the mode shapes that arises due to the lumped attachments. To accelerate modal convergence, a piecewise linear function that captures the slope discontinuity can be added to the set of eigenfunctions specified in S N . Theoretically, any function that has a slope discontinuity at the attachment location and satisfies the geometric boundary conditions of the rod can be used to expedite convergence. For convenience, the static deflection of the host uniform rod due to a concentrated load applied at the attachment location is used because it is easy to obtain, as the static deflection of rods is covered in any undergraduate course in Mechanics of Materials, and more importantly, it greatly simplifies the resulting integrations in equation (6) . Figure 2 shows the static deflections for a fixed-free and a fixed-fixed rod subjected to a concentrated load applied at x a . For visualization purposes, the axial displacement of the rod is represented as a lateral deflection. For a uniform fixedfree rod, its static deflection is given by
where is an arbitrary constant. Similarly, for a uniform fixed-fixed rod, its static deflection is given by
If each static deflection is normalized such that then the constant can be readily determined in terms of x a and the parameters of the host rod. For a rod carrying any number of arbitrary lumped elements at n distinct locations, the longitudinal displacement of the rod, with the additional basis functions, can be expressed as
where u j ðxÞ denote the piecewise linear functions, and q j ðtÞ the corresponding generalized coordinates. Each u j ðxÞ will be given by either equation (19) or (20), where x a is replaced with x j , depending on the boundary conditions of the host rod under consideration. Thus, a second set of trial functions is proposed that is given by
Note that S N & S n N , and they differ only in the piecewise linear functions. Consider again the system of Figure 1 , which consists of an arbitrarily supported rod carrying lumped attachments at four distinct locations. Thus, the set of trial functions in S N is augmented with a total of four additional trial functions. Formulating the total kinetic and potential energies and the Rayleigh's dissipation function, and applying the Lagrange's equations, one finds that the governing equations are
The submatrices ½G and ½H are of size N Â 4, whose elements are given by
where i ¼ 1, . . . , N and j ¼ 1, . . . , 4. Submatrices ½À and ½Á are both symmetric and of size 4 Â 4, whose elements are
Vector j , of length N þ 4, consists of the eigenfunctions of a bare uniform rod and the bilinear functions evaluated at x j , i.e.
For a nonuniform rod of cross-sectional area A(x), the elements in the submatrices ½G, ½H, ½À, and ½Á can always be computed by evaluating the given integrals numerically. If the variation in A(x) is such that each of these integrals admits a closed-form solution, equations (28) and (29) only need to be integrated once symbolically for a given i and j, and subsequently evaluated for the appropriate (i, j) in order to construct the submatrices ½G, ½H, ½À, and ½Á. Finally, note that the governing equations of (24) have the same form as those given by equation (9) . Thus, the same state vector formulation can be used to find the modes of vibration of the system.
Results
In this paper, the assumed modes method is used to analyze the free vibration of a combined system consisting of a fixed-free or fixed-fixed uniform or nonuniform rod carrying various lumped attachments. For a uniform fixed-free rod, its eigenfunctions are
and its natural frequencies are
For a uniform fixed-fixed rod, its normalized eigenfunctions are
Two sets of candidate trial functions are used in the assumed modes method. When using S N in the assumed modes expansion, the trial functions are the first N eigenfunctions of the bare uniform rod. When using S n N , the eigenfunctions in S N are augmented with n piecewise linear functions, where n is the number of distinct attachment locations for the lumped elements.
Numerous examples are presented to illustrate how the additional n bilinear functions expedite modal convergence. The mode shape, v(x), of the rod can be obtained using
For brevity, only selected mode shapes are shown, with special attention paid to the slope discontinuities of the mode shapes that arise at the attachment locations due to the presence of the lumped elements. Whenever possible, the results obtained using the assumed modes method with S N and S n N as trial functions are compared to those found exactly via a boundary value formulation. For systems whose exact solutions are difficult to obtain or do not exist, finite element models are constructed, and the finite element results are used to approximate the exact solution.
In all of the subsequent numerical examples, the natural frequencies (if the system is undamped) or eigenvalues (if the system is damped) are tabulated along with the degrees-of-freedom (DOF), associated with each set of trial functions. The central processing unit (CPU) times needed to solve the problems are also recorded. All of the numerical results presented in this paper are obtained using MATLAB on an Intel Core i5-4690 K 3.5 GHz processor. The CPU times presented refer to the time required to solve the eigenvalue problem using the MATLAB routine eig, and they do not include the computational overhead of formulating or storing the system matrices.
Uniform rods
For a uniform rod where AðxÞ ¼ A ¼ constant, its generalized masses and stiffnesses reduce to
where j i represents the Kronecker delta. In this case, matrices ½M and ½K become diagonal. Moreover, closed-form expressions for G ij , H ij , À ij , and Á ij can be readily obtained, and they are summarized in Table 1 .
Example 1: Fixed-free rod carrying grounded translational spring. As the first example, consider a fixed-free rod carrying a grounded translational spring of stiffness Table 2 shows the first five natural frequencies of the combined system obtained exactly 1 and using the assumed modes method, where S 15 , S 100 , S 1000 , S 10000 , and S 1 15 serve as the trial functions. Note that using S N as trial functions and as DOF increases, the approximate natural frequencies converge to the exact results, but the rate of convergence is extremely slow. Using S 1 15 as trial functions, on the other hand, note the excellent agreement between the exact and assumed modes natural frequencies. Moreover, note that the first five natural frequencies obtained using S 1 15 are more accurate than those obtained using S 10000 , but the CPU time needed to solve the eigenvalue problem is seven orders of magnitude less. This dramatic improvement in computational efficiency is due to the addition of a single term given by equation (19) to the set of trial functions in S 15 . Figure 3 shows the first four natural frequencies of the combined system, obtained using the assumed modes method with S 1 15 (given by the dotted horizontal lines) and S N (given by the solid curves), where DOF varies from 4 to 10,000. By inspection, note the slow convergence rate when S N is used as the trial functions. 
Because the attachment location coincides with a node of the third eigenfunction of the host rod, the third natural frequency of the combined system is identical to the third natural frequency of a uniform fixed-free rod. Thus, ! 3 does not change as DOF varies.
The mode shapes obtained using the present analysis are compared to those found exactly. For definiteness, only the second mode shape is shown, as illustrated in Figure 4 . Note that while S 15 tracks the exact mode shape well over the span of 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 the rod, it fails to capture the slope discontinuity at 0:4L. Even with S 1000 , the assumed modes method does not reveal the slope discontinuity at the attachment location. With S 1 15 , on the other hand, the assumed modes method not only yields a mode shape that is indistinguishable from the exact solution over the entire length of the rod, it also accurately tracks the slope discontinuity, as clearly evidenced in the magnified region shown in Figure 4 . The other mode shapes show similar results, and they will not be presented for brevity.
Example 2: Fixed-free rod carrying an undamped oscillator and a tip mass. Consider now a fixed-free rod carrying an undamped oscillator of parameters m 0 ¼ 5.0AL and k 0 ¼ 10.0EA/L at x 1 ¼ 0.40 L, and a tip mass of m ¼ 0:5AL. The approximate natural frequencies are validated by comparing to those obtained exactly. 4 Table  3 shows the first five natural frequencies. Note the excellent agreement between the assumed modes method with S 1 15 and the exact formulation. As expected, the natural frequencies obtained using the assumed modes method with S N become more accurate as DOF increases, but the convergence to the exact results is slow, and the corresponding CPU times become increasingly large. Note also that the results obtained using S 1 15 are more accurate that those obtained using S 10000 , but the CPU time is nearly seven orders of magnitude smaller. Figure 5 shows the third mode shapes obtained exactly and using the present analysis. The mode shape calculated using the assumed modes method with S 1000 tracks the exact mode shape better than the one calculated with S 15 , but not nearly functions are added to S N . Table 4 shows the first five eigenvalues obtained exactly 5 and using the proposed method. Note the rapid convergence of the assumed modes method with S 2 15 to the exact eigenvalues. Compared to S 5000 , S 2 15 yields eigenvalues that are far more accurate and is significantly more computationally efficient. Also, it should be noted that the third eigenvalue is purely imaginary, and the result remains the same regardless if the problem is solved exactly or using the assumed modes method. This is because the attachment locations coincide with the nodes of the third eigenfunction of the bare fixed-fixed rod. Thus, the third natural frequency of the host rod appears as a purely imaginary eigenvalue for the combined system. Figure 6 shows the second mode shapes solved exactly 5 and using the assumed modes method with S 15 , S 1000 , and S 2 15 . The real and imaginary parts are plotted separately. Because of the set of system parameters chosen, Figure 6(a) shows that the real part of the mode shape at L=3 and 2L=3 appears to be continuous. However, with sufficient magnification, one would observe the expected slope discontinuity at these attachment locations. The advantage of augmenting S N with the bilinear functions is best illustrated in Figure 6 (b), in which the imaginary part of the mode shape obtained with S 1000 has rounded curves at the attachment locations, but the one obtained with S Figure 1) . The first five eigenvalues are compared in Table 5 . Since the system has attachments at four distinct locations, four bilinear functions are included in the set of trial functions. The eigenvalues are obtained exactly and using the assumed modes method, with S 4 15 , S 15 , S 100 , S 1000 , and S 5000 . In Table 5 , note the excellent agreement between the exact eigenvalues and those obtained using the assumed modes method with S 4 15 . The results found using S 4 15 are more accurate that those obtained using S 5000 , and at a computational time that is orders of magnitude smaller. Figure 7 shows the fourth mode shapes of the system. Note again that the assumed modes method with S 4 15 produces a mode shape that is indistinguishable from the one obtained exactly. While the mode shape calculated with S 1000 shows improvement over the mode shape obtained with S 15 , it still does not track the exact mode shape in the vicinity of the slope discontinuities.
Nonuniform rods
For a nonuniform rod, M ij and K ij of equation (6) can always be integrated numerically. If the variation in A(x) is such that it admits closed-form expressions for M ij and K ij , then the integrals only need to be evaluated symbolically once, after which by varying i and j one can easily assemble the matrices ½M and ½K. Because the exact modes of vibration are difficult to obtain, a finite element model is used for comparison, where the rod is discretized into N e ¼ 2000 uniform rod elements (see the Appendix for the mass and stiffness matrices for a rod element). Example 5: Fixed-free rod carrying a grounded spring. Consider a fixed-free rod with 6 analyzed the free vibration of such a bare fixed-free rod, the eigensolutions of the said rod carrying lumped attachments are not readily available. Thus, the modes of vibration obtained using the proposed method are compared to those found using the finite element method. Table 6 shows the first five natural frequencies of the combined system, where the finite element results are used as a proxy for the exact solution. Note that the natural frequencies obtained using the assumed modes method with S 1 20 agree well with the finite element results, and in general, they are more accurate than those found with S 1000 . Figure 8 shows that the first mode shape obtained with S 1 20 accurately tracks the finite element solution, and it captures the slope discontinuity that is present while S 1000 does not. 7 studied the dynamics of a bare rod with such an area variation, but did not consider the free response of such a rod carrying lumped elements. In order to compare the results found using the proposed method, a finite element model of the combined system is constructed, and its modes of vibration are used to validate the present analysis. In Table 7 , note that the assumed modes method with S 2 20 tracks the finite element results up to the fourth decimal point, while S 1000 can only do so up to the second decimal point. In Figure 9 , the magnified plot shows the roundedness of the second mode shape at 0:55L (one of the attachment location), obtained using the assumed modes method with S 1000 . At the same location, the mode shape found with S returns a mode shape that tracks the one found using the finite element method over the entire domain. Table 8 tabulates the first five natural frequencies of the system. Note the excellent agreement between the results found using the finite element method and the assumed modes method with S that are more accurate than S 1000 , but only at a fraction of the computational effort. The second mode shapes of the system are illustrated in Figure 10 . The effect of incorporating bilinear functions is clear. While the assumed modes method with S 20 fails to track the finite element mode shape in the region for x 4 0:4L and does not capture the slope discontinuity at 0:55L, with S 
Two coupled rods
Up to now the combined system under investigation consists of an arbitrarily supported uniform or non-uniform rod carrying lumped attachments. The proposed method of augmenting S N with piecewise linear functions to expedite modal convergence can be easily extended to study the free vibration of tworods system shown in Figure 11 . 8 The axial displacements of the two rods can be expressed as where w 1 ðx, tÞ and w 2 ðx, tÞ denote the longitudinal deflections of rods 1 and 2, respectively. For this particular system, because the rods are both fixed-free, the same eigenfunctions are used as the basis functions. Moreover, since the rods are coupled via a lumped translational spring, only one bilinear function is added to the set of trial functions for each rod, where u 1 ðxÞ and u 2 ðxÞ are given by equation (19) . Formulating the total kinetic and potential energies of the system, applying the Lagrange's equations, one obtains the following equations of motion
where ½M ¼ ½M ½0 ½0 ½M 1 10 , one obtains natural frequencies that are identical to the exact results up to the fifth decimal point. Interestingly, note that regardless of the set of trial functions used, the first, Figure 11 . Two fixed-free uniform rods coupled by a translational spring.
third, and fifth natural frequencies remain the same, and they correspond to the first three natural frequencies of a fixed-free rod, respectively. Figure 12 shows the third mode shape of the system. Note that the two rods have deflection shapes that resemble the second mode shape of a fixed-free bare rod but with different amplitudes, such that the vibration of the first rod at x 1 ¼ 0:35L and that of second rod at x 2 ¼ 0:60L are same, as noted by the dotted horizontal line. Thus, while the spring is unstretched, it affects the deflection shapes of the two rods such that v 1 ð0:35LÞ ¼ v 2 ð0:60LÞ. Figure 13 second mode shape of the system. Using the assumed modes method with S 1 10 , the slope discontinuity in the deflection of the first rod at 0:35L and the slope discontinuity in the deflection of the second rod at 0:60L are both accurately captured. Finally, the proposed method demonstrates that selecting the appropriate trial functions when applying the assumed modes method can dramatically expedite modal convergence. The approach developed in this paper can be introduced in an advanced course on the vibration of continuous systems, where it can be taught right after the introduction of the assumed modes or Rayleigh-Ritz method. When a rod in axial vibration is carrying lumped elements, the present scheme can be used to accelerate the convergence of the eigenvalues, and more importantly, to capture the discontinuities in the mode shapes that arise due to the presence of the lumped attachments.
In this paper, eigenfunctions of the host rod are augmented with bilinear functions to form a new set of basis functions that dramatically improves modal convergence. Numerical examples validated the proposed method and showed significant reduction in computational efforts, thus making the present analysis a viable method to solve real-time control problems.
Conclusion
In this paper, the assumed modes method is used to analyze the free response of a combined system consisting of a uniform or nonuniform fixed-free or fixed-fixed rod carrying various lumped attachments. Numerical experiments show that using the eigenfunctions of the bare rod alone as trial functions may lead to exceedingly slow convergence. To expedite modal convergence, piecewise linear functions are developed and added to the original set of eigenfunctions. These piecewise functions correspond to the static deformed shapes of the rod subjected to concentrated loads applied at the lumped element locations. Numerical examples show that by adding bilinear functions to the set of eigenfunctions, the assumed modes method yields eigensolutions that are nearly exact with a substantially fewer number of trial functions. The piecewise linear functions are easy to derive, simple to incorporate, and substantially improve the modal convergence of the assumed modes method.
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